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Abstract 

In this paper, we introduce the Bessel-Struve transform, we establish 
an inversion theorem of the Weyl integral transform associated with 
this transform, in the case of half integers, we give a characteriza- 
tion of the range of T>(M) by Bessel-Struve transform and we prove a 
Schwartz-Paley- Wiener theorem on £'{ 
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1 Introduction 

Discrete harmonic analysis associated with Bessel-Struve kernel was devel- 
oped by Watson in [11]. He gave some results about "generalised Schldmilch 
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series" which represent the Fourier series associated to Bessel-Struve kernel. 
Recently, L. Kamoun and M.Sifi looked to the Bessel-Struve operator 

. , . d 2 u . 2a + 1 \du, . du.. 

which has Bessel-Struve kernel as eigenfunction. In [3], they considered the 
Intertwining operator associated with Bessel-Struve operator on R and ex- 
pressed its inverse. A.Gasmi and M.Sifi introduced the Bessel-Struve trans- 
form on the dual space of entire functions on C in [1] and in [2] in order to 
study mean-periodic functions. In this paper, we consider the Bessel-Struve 
transform on I^(R) by 

•^s(/)(A)= / f(x)S a _ iX (x)\x\ 2a+1 dx 
Jr 

where the Bessel-Struve kernel S" is given by 

Vrr e R, S"(x) = j a (i\x) - ih a (i\x) 

If / is an even function, this operator coincides with the Hankel transform 
defined by 

P+OO 

n a (f)(x)= / f(t)j a (xt)t 2a+1 dt 

Jo 

The outline of the content of this paper is as follows 

In section 2: We introduce the Bessel-Struve transform on (R), we give 
a necessary condition for a function to be the range of of a function in 
^q(R). Besides, we prove that this operator is symmetric. 

In section 3: we deal with the Weyl integral transform associated to 
Bessel-Struve operator. 

In the beginning, we define the dual operator of the generalized Riemann 
Liouville integral Xa introduced by L. Kamoun and M.Sifi in [3]. We use this 
operator to introduce Weyl integral associated to Bessel-Struve operator that 
we denote W a by 

V/eP(R), x * a T Af = T Wa(f) 

where Tf designates the distribution defined by the function /. 
The Weyl transform verifies the following relation : 

V/eP(R), ^ s (f) = ToW a (f) 
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where T is the classical Fourier transform. 

Then, we establish an inversion theorem of Weyl integral on D(M) and we 
characterize the range of T>(M) by W a that we denote A a (R). Furthermore we 
give the expression of its inverse denoted V a \A a (R)- Weyl integral associated to 
Bessel-Struve operator doesn't have the same properties like in the classical 
harmonic analysis: It presents a difficulty on a singularity in and it doesn't 
save the space V(M). 

In section 4: we give some properties of J 7 ^ S (V(M)) for all a > — -, we 

prove a Paley- Wiener theorem of Bessel-Struve transform in the case a = -. 

Then, by induction, we deduce the result for half integers. Finally, we give the 
Paley- Wiener theorem for the space of distributions with bounded support 
called Schawartz-Paley- Wiener theorem. 
Throughout the paper, we denote : 

• R* = R\{0} 

• N* = N\{0} 

Finally, we do not forget to specify that the Bessel-Struve operator and 
Bessel-Struve kernel were introduced by K. Trimeche in an unpublished 
paper[10]. 



2 Bessel-Struve transform 



In this section, we define the Bessel-Struve transform and we give some results 
similar to those in the classical harmonic analysis. 

First, we consider the differential operator £ a , a > — , defined on R by 

2 



l a u{x) = d £ 2 {x) + ^±1 



(1) 



with an infinitely differentiable function u on 
Bessel-Struve operator. 

For A G C, the differential equation : 



This operator is called 



£ a u(x) = \ 2 u(x) 
u(Q) = 1 , u'(0) 



Ar(a + 1) 
V^r(a + 3/2) 
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possesses a unique solution denoted S%. This eigenfunction, called the Bessel- 
Struve kernel, is given by : 

S?(x) = j a (i\x) - ih a (i\x) (2) 

where j a and h a are respectively the normalized Bessel and Struve functions 
of index a. Those kernels are given as follows : 

+°° ( _1W 7 /2) 2n 

i„ W = 2«r (Q + i),-j. w = r( „ + 1) £ ^Hiv 

and 

M*) = 2«r (a + i)-h oW = r( a + 1) £ r(B ( +! V ( ^ a + f) 

(for more details one can see [11]) 

The kernel possesses the following integral representation : 

vx et, vag c, s%(x) = Ai - ey-h^dt (3) 

Vvr r(a + 2) Jo 

We denote by , the space of real- valued functions /, measurable on 

R such that 



L,a = / 1/(^)1 d^afa) < +00 , 



where 

dfx a (x) = A(x)dx and = | rc| 2ce+1 

Definition 2.1 We define the Bessel-Struve transform on £^(R) 6?/ 

VAgR, ^g iS (/)(A)= / f{x)S a _ iX {x)d l x a {x) (4) 

Proposition 2.1 The kernel S" has a unique extension to C x C. It satisfies 
the following properties : 

(i) VA g C, Vze C, S^(*) = S a _ tz (X) 

(ii) VA G C, G C, S? A (z) = S£(-2) 
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(iii) Vn G N, VA G R, Vx G R, 

In particular, we have for al 



<\M n 



dx n 

A and x in R, \S? x (x)\ < 1 



(iv) For all x G R*, lim S* iX (x) = 

A^+oo 

Proof. The relation (2) yields directly (i) and (ii). 
(iii) For n G N, we have 

dn o«t^ 2r(a + l) 



rfx™ iAV ; v^Fr(a + i) v Wo 

So we find \-f-S? x (x)\ < ^? + 1 |j A| w Al -t 2 ) a ^dt 
l dx n lAV n ~ v/HXa + i) 1 1 Jo 

(iv) From the asymptotic expansion of J a and H a p. 199 and p. 333 in [11], 

we deduce that lim j a (\x) = and lim h a (Xx) = 0. Then by relation 

A^+oo A— >+oo 

(2) lim S a (-i\x) = □ 

A->+oo 

Theorem 2.1 Let f be a function in L^R) then J^B,s{f) belongs to C (R), 
where C (R) is the space of continuous functions having as limit in the 
infinity. Furthermore, 

ll^,s(/)l|oo< ||/||l, Q (5) 

Proof. It's clear that T% s (f) is a continuous function on R. 

From proposition 2.1, we get for all x G R*, lim f(x)S° iX (x) = and 

A— >+oo 

\f(x)S^ iX (x)A(x)\<\f(x)A(x)\ 

Since / be in (R), we conclude, using the dominated convergence theorem, 
that 7b >s (/) belongs to C (R) and 

ll^g,s(/)lloo< 

□ 

Theorem 2.2 Let f and g in L^R), we have 



J 

Jr 



Fb,sU)( x ) 9( x ) d ^{x) = / Fb >s (9)(x) f(x) dfi a (x) (6) 

Jr 



Proof. We take <f>{t,x) = f{t)g(x)St ix {t)A{t)A(x). 

Since / and g are both in L^,(R) and according to (iii) of proposition 2.1 and 

Fubini-Tonelli's theorem, we deduce that / \(f>(t, x)\ dt dx < 

Jrz 

We obtain relation (6) by Fubini's theorem. □ 
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3 Weyl integral transform 

3.1 Bessel-Struve intertwining operator and its dual 

£(R) designates the space of infinitely differentiable functions on R. 

The Bessel-Struve intertwining operator on R denoted Xa, introduced by 

L. Kamoun and M.Sifi in [3] is defined by: 

Xa(f)(x) = 2 ^^A Al " t 2 T-*f(xt) dt,fe 5(E) (7) 
Remark 3.1 

VxGR.VAeC, S%(x) = Xa (e x -)(x) (8) 
Definition 3.1 we define the operator x* a on £'(R) by 

<xUT)J>=<T, Xa f> , fe£(R) (9) 

We denote -^r = — — The following theorem is proved in [3] 
dx 1 2x dx 

Theorem 3.1 The operator Xa, & > —\, is a topological isomorphism from 
£(R) onto itself. The inverse operator Xa 1 ^ s given for all f e £(R) by 

(i) ifa = r + k,keN,~l<r<l 

[\x 2 - t 2 )- r ~^\t\ 2a+1 f(t) dt 
Jo 

(ii) ifa = l + k,keN 



Xa nx) T(a + l)ra-r) X[ dx^ 



X.- 1 /(x) = ^ F x(^(^/(x)), -R 

Corollary 3.1 x* a ^ s an isomorphism from £' '(R) into itself. 

Proof. Since Xa is an isomorphism from £(R) into itself, we deduce the 
result by duality. □ 



On The Harmonic Analysis Associated to the Bessel-Struve Operator 



7 



Proposition 3.1 For f G T>(R), the distribution xl^Af is defined by the 
function W a f having the following expression 

W a f(y) = ^ + *\ [ + °°(x 2 - y 2 r-ixf(sgn(y)x) dx , t/Gt* (10) 

ca//ed Weyl integral associated to Bessel-Struve operator. 

Proof. Let g G £(R), 

< X* a T A f,g> = <T Af , X ag > 

2F(a + l) t*. 2 „. a 



, „ , *g{t)db)xf{x)dx 
V7rr(a+ 2) J 

2r(a + 1 -lr /° {(\x 2 -t 2 T^g{t)dt)xf{x)dx 



Using Fubini's theorem, a change of variable and Chasles relation , we obtain 
for all g eS(R) 

<xlT Af ,g>= [ ( 2 ^ + y v , [ +0 °(x 2 -t 2 r^xf( S gn(t)x)dx)g(t)dt 
Jr \y/7rT(a + 2) J\ t \ J 

Therefore, the distribution Xa^Af is represented by the function W a f □ 

Remark 3.2 Let f G £(R) and <? G P(R). TTie operator Xa and W a are 
related by the following relation 

[ Xaf(x)g(x)A(x)dx = [ f(x)W a g(x)dx (11) 
it Jr 

Lemma 3.1 Let a > and / G P(R) win support included in [—a, a]. Tnen 
W a / zs infinitely differentiate on and snpp (W a /) ^ s included in [—a, a] . 
Furthermore, for all and n G N, 



(^/) (n) (^) = E CaN ! (:r))fc [ +OC (y 2 -x 2 r^y k+1 f^(ysgn(x))dy (12) 



fc=0 

where 



2T{a + l)C^T{2a + 2) 
v^Fr(a + i)T(2a + 2-n + fc) " 
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Proof. Let / G P(R) such that supp(f) C [—a, a]. 
By change of variable W a / can be written 

"+OO 



W a f(x)= ^ + H 2a+1 / °°(t 2 -i) a ~* , xer (13) 

v /7rr(a+ 2 -) A 
Then, W a /(x) = A(x) ip(x) where 

1>(x)= r(t 2 -l) a -hf(tx)dt , xeR* 

If |x| > a then > a and /(to) = so = 0. Consequently, we have 
supp (tp) C [—a, a]. 

Since A and ^ are both infinitely differentiable on R*, we have W a f is in- 
finitely differentiate on R* and for all n G N, 

n 

(w Q /) (n) 0r) = ^c£A< n -*>(a;)^W(a;) 

fc=0 

By a change of variable one obtains 

^ k \x) = \x\-* M 2 ^ + \ [\y 2 -x 2 r-h k+1 f {k \sgn(x)y)dy 
Therefore 

M w (i) = 



fc=0 



2T(a + l) 

where gu = — — — ; r- U 

v^Fr(a + i) 

Corollary 3.2 Let f be in V(R), we have for all n G N, y n (W a f)^ belongs 
to L 1 {R). 

Proof. From relation (12), we deduce that 

Mm y n (W a fY n \y) and ]hn y n (W a f)^\y) 

j/->0 y->0 
j/>0 j/<0 

exist. 

Consequently we obtain for all n G N, y n (W Q /)( n ) belongs to L^R). □ 
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Proposition 3.2 W a is a bounded operator from to L l 

Proof. Let / G L l a {R) then / \f(x)\ \x\ 2a+1 dx < +00 

Jr 

Using Fubini-Tonelli's theorem and a change of variable, we get : 
j^ +00 (t 2 -ir-h\f(ty)\d?j \y\ 2a+1 dy = 

(y \f(x)\\x\ 2a+1 dx^j (t 2 - l) a -h~ 2a - 1 dt^j < +00 



Invoking relation(13), we deduce that J \W a f(y)\dy < +00 

and \\W a (f)h <C||/||i, a M □ 

Proposition 3.3 We have 

V/eD(R), ^(/)^o^(/) (14) 

where T is the classical Fourier transform defined on L 1 (M) by 

T(g)(\) = [ g{x)e- lXx dx 
Jr 

Proof. Let / G V(R). Using relation(ll) and relation (8), we obtain 

FoW a (f)(x)= [ f(t) Xa (e- txt )A(t)dt = ^ s (f)(x) 
Jr 

□ 

3.2 Inversion of Weyl integral 

Lemma 3.2 Let g G £(M*), m and p are two integers nonnegative , we have 
\/x G R*, f-^Y(x m g(x)) = J2^^ 2p+l 9 (t \x) (15) 

where (3f are constants depending on i, p and m. 

Proof. We will proceed by induction. The relation (15) is true for p = 0. 
Suppose that (15) is true at the order p > then 
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7 7 p 

^ \ / -rr. / \ \ & 



,f^Y + \x m g(x)) = ^- 2 (J2ff xm - 2p+l 9 ( Hx)) 
1 p 

= — V [(m+?-2p)a: m - 2p+i - 1 g {i \x)+x m+i - 2p g {i+1 \x)] 



-Pl(m - 2p)x m ~ 2 ^g(x) + - (3 P x m ~ ip+1) g {p+1) {x) 

p+i 



where 



=o 



and 



f%tl = l%, f3 P o +1 = \f3 P o(m-2p) 

VI < * < p , /?f +1 = \(m + i- 2p)/3f + 

□ 

We designate by /C the space of functions / infinitely differentiable on 
W with bounded support and verifying for all nGN, 

lini l y n (W Q /) (n) (y) and lim 

y>0 y<0 

exist. 

Proposition 3.4 Let f a function in /C - Then the distribution {x* a ) lr ^f ^ s 
defined by the function denoted A V a f , where V a f has the following expression 

(i) Ifa = k + \,keN 

02fe+liL| / J \k+l 



(ii) Ifa = k + r, k e N, -\ < r < \, 

r + °° l / d \ k+1 

Vaf(x) = c 1 J (y 2 - x 2 )-r-> \JL) (f)(8gn(x)y)ydy, 
where c\ 



(-l) fc+1 2v^ 

r(« + i)r(i-r) 
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Proof. Let g E £(R) then we have 

< (xir 1 T f ,g> = <(x* l Y T f ,g> = < T f , x* l 9 > 

First case a — k + - , /cGN 
2 

Invoking (ii) of theorem 3.1, we can write 

9 2k+i w r / d \ k+1 

< (x^T f , g >= ^ J f {x)x (^) 



where 



and 



(2fc + l)! 



'_d_\ 



/i= / f(x)x — (x 2fe+1 ^(x))^ 



dx 2 J 



r 

J — oc 



By integration by parts we have 



/i = 



1 .. r/ 



J o 



According to relation (15) for p = k and m = 2k + 1, we find that 



and 

r>+00 

h = 



Let 1 < p < k + 1. After p — 1 integrations by parts, we get 

r . d . d ... .... 

h = 



(- i r 1 (^r 1 (/(x))(^) w - p (^)) 





/" +oc / d \ p ( d \ k ~' p+1 

+[ - i) "L u?) /w u?) 

Using relation (15) again, we find 



k+l—p p— 1 



:^r 1 (/w)(^) fc+1 - p (^ +1 ^)) =* E ^-v.^^^^-v/w^) 

i=0 i=0 
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Since / be in /Co, we obtain 
For p = k + 1 we find 

r +QO ( d \ k+1 

/i = (-l) fc+1 j( (^J f(x)g(x)x^dx 
As the same we establish that 

h = (~l) k+1 £ (J^ ^ f(x) g(x) * 2fc+2 dx 

Consequently, 

< > - S^*- 1 '" 1 1 Gp) 6+1 «*> »<*> * 2M 

Which proves the wanted result for ct = /c + -. 

! 1 

Second case a = A; + r , k E N , — < r < - 

By virtue of (i) of theorem 3.1 and a change of variable, we can write 
where 

/l(x)= / (1 -M 2 )- r -^(ra)M 2Q+1 ciM 

It's clear that /i G we proceed in a similar way as in the first case, we 

just replace the function g by the function h and we obtain 

< (Xir 1 T f ,g>=c l £ (J^ ^ f(x) h{x) x^ dx 
Next, by a change of variable 
< {xir l T f ,g >= Cl J^x(-^) k+1 f(x) (J\x 2 -t 2 )- r -->g(t)\t\ 2a+1 d?J dx 
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where 



r(a + i)r(i - r) 



x 2_ t 2yr-± g ^ \ t \**+i dt \ dx 



and 



J 2 = f <^) k+l fW (J\x 2 -tY r -h(t)\t\ 2a+1 dt^ dx 



Applying Fubini's theorem at J\ and J 2 , we obtain 



p+oo / p+oo 1 
h J (j i.r 2 / 2 ) " ^x(^) k+1 f(x)dx) g( 



and 

r / r t 



J 2 = J (J (x 2 -t 2 )- r ^x(- d ^) k+1 f(x)dx S j g{t)\t\ 2a+1 dt 

making a change of variable in J 2 and using Chasles relation , we get 

<(x* a r 1 T f ,g>= 

ci L (5\™ {x2 ~ ^~ hx ^ k+if ^ gn ^ dx ) 9{t) |t|2a+i dt 

□ 

Remark 3.3 From proposition 3.4 we deduce that the operators V a and Xa 1 
are related by the following relation 

I V a f(x)g(x)A(x)dx = [ f(x) X - 1 g(x)dx (16) 
for all f G /Co and g G £(R) 



Lemma 3.3 Let f be in V(R). We have W a (f) G JC and V a (W a (f)) = f 
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Proof. For / G V(R), by lemma 3.1 we have W a (f) G /Co- Using relations 
(16) and (11), we obtain for all g G £( 



V a (W a f)(x) g(x)A(x) dx = / f(x) g(x) A(x) dx 



Thus 



V a (W a (f))(x) A(x) = f(x) A(x) a.e x G 



Since f A and V a o W a (f) A are both continuous functions on R* we have 
V a o W a (f)(x) = f(x) for all x in R* therefore V a o W a (f)(x) = f(x) for all 
x in R. □ 

For a = k + ^ , £ N, we denote by A afc+ i(R) the subspace of /C 

of functions / infinitely differentiable on R* with support included in [—a, a] 
verifying the following condition : 

{-j-^) k+l f can be extended to a function belonging to V(R). 

(JjJb 



This space is provided with the topology defined by the semi norms p n where 

, n e N 



Pn(f) = SUp 

0<p<n 
x£[— a,a] 



((^r/) w w 



We consider , for k G N, the space 



a>0 



endowed with the inductive limit topology. 
Lemma 3.4 For all f in V a (R) we have 

G R*, [Wif]'{x) = -xf(x) 

and 

Va>^VxGr, [W a f]'(x) = -2axW a ^f(x) 
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Proof. Let / G V a (R) 

'-) r 

2 I x f(x) dx if y > 
Jy 



2rp 



we have Wif(y) = <j 



•2/ 



/ xf(-x)dx ify<0 

J — V 



0Fr(i) 

We deduce that V?/ G R* , \Wif]'(y) = -y f(y) 

Now, we take a > — , by lemma 3.1 supp(W a f) C [—a, a]. 
Let (p G D(]0, +oo[) then we have 

< [W a f]',<p>= - <W a f, V '> 



= -a r 



(x 2 — y 2 ) a 2 x f \x) dx ip' \y) dy 



Using Fubini's theorem and an integration by parts we obtain 

< [W a f]', y? >= -a a [ [ (2a- l)y(x 2 - y 2 )^^) dy x f(x) dx 

Jo Jo 

Applying Fubini's theorem again we have 

< [W a f]', <p >= -2a P y W a ^f(y) <p(y) dy =< -2y W a _ ± f, V > 

Jo 

This proves that the derivative of the distribution W a f is the distribution 
defined by the function —2axW a -\ on ]0, +oo[. The theorem III p. 54 in [6] 
allows us to say that the derivative on ]0,+oo[ of the function W a f is the 
function —2axW a -if. 

In the same way we obtain that the derivative on ] — oo,0[ of the function 
W a f is the function —2axW a ^xf. □ 

Theorem 3.2 The operator W k+ i is a topological isomorphism from T> a (M.) 
into A aife+ i(R) and its inverse is V k+ i\ A i( ^ R y 

Proof. We will proceed by induction. According to lemma 3.4 we have 
^(^(l))cA t .(l). 

Suppose for k G N* that W k _i(V a (R)) C A ak _i(R). Let / be in V a (R) 
then according to lemma 3.4 and the induction hypothesis, we deduce that 

(— -^) k+l W k+ if G V(M). Furthermore from lemma 3.1 we conclude that 

W k+ ife aJ + i(R). 

In the other hand, let g G A afc+ i(R). From proposition 3.4, V k+ i(g) can be 
extended to a function in V a (R). Since W k+ i(V k+ i)(g) = g and by lemma 
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3.3 we deduce that W k+ i is an isomorphism from V a (M) into V k+ i(M) and 
its inverse is V k+ i\ A * m . 

We have 

nJW. i n = sun (7 



p„(W fc+ i/) = sup 

2 0<p<n 
a, a] 

From proposition 3.4 and lemma 3.3 



Pn(W k+1 f) = C Slip \f">(x)\ 
1 0<p<n 
x£[—a,a] 

which proves the wanted result. □ 
For k G N we take a = k + r , r e}^,\[. 

We denote by A ajfc+r (R) the subspace of /C of functions / infinitely dif- 
ferentiable on R* with support included in [—a, a] verifying the following 
condition : 

t d \k+l 

K dx 2 ' 

longing toV| 2r "~ 1 ^>W 

This space is provided with the topology defined by the semi norms q n 
where 



/ {t 2 - l)- r -*f(xt)tdt) can be extended to a function be- 



Q n (f) = sup 

0<p<n 
xE[—a,a] 



d p \ x r 2r+l 



We consider, for k G N, the space 

A fc+r (M) = |jA aife+r (R) 

a>0 

endowed with the inductive limit topology. 
Lemma 3.5 We have for all f in A fe+r (R) ; 

W/)^(R) and W fc+r (y fc+r (/)) = / 
Proof. Let / G A fe+r (R), 

/+oo 
_ ^)-r-i Vf 1 ,'( SJ n( !/ )) i / (,) (^( ?/ )^ ( ii 



i=0 
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/+oo ^+1 
{t 2_ l) -r-±J2f3^yH i fV(yt)tdt 
i=0 

= br 2r+1 £/rv(^y [I (t 2 - ir-*f(yt)tdt) 

= W 2r+ \^) k+l (/ + °V - ir r ^f{yt)tdt^ 

Then V k+r (f) G V{R) and from relation (11), for all g G £{ 

I W k+r (V k+r (f))(x) g(x) dx = / V k+r (f)(x) Xk+r(g(x))A(x) dx 
Jr Jr 

By relation(16), we deduce 

/ W k+r (V k+r (f))(x) g(x) dx = / f(x)g(x)dx 
Jr Jr 

Therefore 

W k+r (V k+r (f))(x) = f(x) , a.e.xeR 
Since W k+r (V k+r (f)) and / are both continuous functions on R*, we get 

vxer, w k+r (y k+r (f))(x) = f(x) □ 

Theorem 3.3 W k+r is a topological isomorphism from V a (M) into A a>k+r (M.) 
and its inverse is V k+r \ Aa k+r( K) 

Proof. Let / G V a (M), from proposition 3.1 and lemma 3.3, we can write 

which proves that W k+r (f) G A atk+r ( 
Furthermore, by lemma 3.5 and lemma 3.3, one can deduce that W k+r is 
bijective and V fc+r | Aaifc+r (iR) is its inverse on 
Now, the fact that 

q n (W k+r (f)) = Cp n {f) 

allows us to conclude that W k+r is a topological isomorphism from V a (M) 
into A a>fe+r (R). □ 
The following theorem is a consequence of theorem 3.2 and theorem 3.3 . 

Theorem 3.4 W a is a topological isomorphism from P(R) into A Q (R) and 
its inverse is V^a^r) 



it 2 - iy r -^w k+r (f)(xt)td?j = v k+r (w k+r (f)) = f 
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4 Paley Wiener type theorem associated to 
Bessel-Struve transform 

In this section we will try to characterize the range of V{R) by Bessel-Struve 
transform. 

4.1 Some properties of Bessel-Struve transform on D(WL) 

Proposition 4.1 Let f be a function in /C . Then the classical Fourier 
transform J-(f) can be extended to an analytic function on C that we denote 
again J-'(f) and we have 

VfceN*, {iz) k F{f){z) = f f {k \x){e' lxz - Y ^ lZ ^ n )dx (17) 

Proof. Let / e /C and i6l. We have, for all z G C such that Im(z) < b, 

\f(x)e~ ixz \ < \f(x)\e^ b 

Since / has a bounded support and the function : z — > e~ lxz f(x) is analytic 
on C, we conclude that J-(f) is analytic function on C. 
To prove relation (17), we proceed by induction. 
For k = 1 we can write 

izT(f)(z) = lim (^J f{x)ize~ ixz dx + £ f {x)ize~ lxz dx^j 
By integration by parts, we obtain 

izT(f)(z) = lim (^j f'(x)(e- ixz - l)dx + J + f'(x)( e - ixz - l)dx^j 
Therefore 

iz?(f)(z)= [ f'(x)(e- ixz -l)dx 
We suppose that we have, for k eW 

(tz) k F(f)(z) = [ /W(,)(e--Vfc^) ( i s 
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Then 

(iz) k+1 F(f)(z)=iz(iz) k T(f)(z) 

= lim( [ 6 f k \x)iz[e- lxz - ^f^ dx 

/+oo k—1 / . \ n 

fW(x)iz(e- ixz - *j ) <te 

n=0 

By integration by parts, we find 



{iz) k ^T{f\z) = I f {k+1 \x)(e'--J2 { -^)dx 

which completes the proof. □ 

Re mar k 4.1 we Mve for f ,„ K „, [ S^e^dt i. 9 en mU y i, v ^nt 

Jr 

The relation (17) means that we have for f in /Co (iz) k J-'(f) is the finite part 
of the divergent integral citing below. (For the definition of the finite part of 
the divergent integral, one can see [6]). 

Theorem 4.1 Let a > and f a function in T> a (W) then J~B,s{f) can ^ e 
extended to an analytic function on C that we denote again J^s^if) verifying 

V&eN*, \J^, s (f)(z)\ <Ce a ^ (18) 

Proof. Using proposition 4.1, corollary 3.2 and relation (14), we find that 
3~B,s{f) can be extended to an analytic function on C and 

VA; G N* , (iz) k ^ s (f)(z) = / (W a ff\x) £ iz!^5L dx (i 9) 

jR n=k H - 

Then 

-foo 



P ' I 1 77, 

\ k \n,sU)( z )\ <\ z \ k \x k {wjt\x)\ J2-^r dx 

jK n=0 H - 



Therefore 



if z^O, \^ s (f)(z)\ < f \x k {W a fi k \x)\dx.e a \ z \ 

J —a 
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and 

if* = 0, |JS >5 (/)(0)| < 

So, we obtain the relation (18). □ 

Proposition 4.2 Let a > and / a function in P a (R) £/ien we nave 

VnGN, [JS >S (/)]W G C (R) (20) 

Proof. Using The relation (14) and the derivation theorem we obtain the 
following equality 

[F a B,sU)\ {n) = H(-it) n w a f) 

Since W a f G /C then t n W a f belongs to L X (IR) and the relation (20) can be 
deduced. □ 



4.2 Range of £>(R) by Bessel-Struve transform for half 
integers 

Let a > 0, "H a designates the space of entire functions / verifying : 

Vn G N, 3c n > 0; G C, (1 + |,z| 2 ) n |/W|e _a/m(2) < c n 

and 

n = \Jn a 

We introduce the space A a i the space of entire functions g verifying 

^G^V.GC* 9 {z) = m ~ m (21) 



and we denote Ai = A„ i 

2 v_y "> 2 

a>0 

Theorem 4.2 We nave 

.FJ S (2>(R)) = Ai 

Proof. Let / G P(R) and zgC Using relation (19), we have 

i / / ~ e / +oc 

•FJs(/)(*) = Jim / W,J(t)e- izt dt + / ^/(Oe-**** 

t-^n \J -co Je 
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By integration by parts 

-izT* s (f)(z) = -c + F(xf)(z) 

where 

c = lim Wi fix) - lim Wi fix) 

x>0 x<0 

Furthermore T{x f)(z) = i[J r (/)]'(2;) and for z = 0, we get c = i[J r (/)]'(0). 
Since / G P(R), ^(/) G "H and 

Now let <? an entire function verifying relation (21). 
From classical Paley- Wiener theorem we have 

3feV a (R) such that h(z) = T(f)(z) 

Then 

roro - w)i ; (o) = ^) 

Therefore, for A 7^ 

0(A) = -^(*/)(A)-J^/)(0)) 

/(0( - S m(A0 + . l-oos(AQ )t2(ft 
At At 



= - / f(t)Si(-i\t)t 2 dt 
Jr 2 



= ^(-/)(A) □ 

k+- 

By induction, we can build the range of £>(R) by T B s 2 from theorem 4.2 
and the following proposition. 

1 

Proposition 4.3 For a > —, the following assertions are equivalent 



(i) 9 = J~B S (f) where / G V a ( 

(ii) g is extented to an entire function g verifying 

h'( z ) _ h'(Q) 

3hG/SW)); ^) = a _U Li (22 ) 
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Proof. Let / G £>(R) and z G C. We proceed in a similar way as in theorem 
4.2 and we obtain 

izT% s {f){z)-c = T{[W a f]'){z) 

where 

c = lim Ifi f (x) - lim Wi f (x) 

Furthermore, F(\W a f\'){x) = -i«[J(ty a _i/)]'(s). Since / G £> a (R) , 
F( w a-if) e ^'(^(1)) and .Fg 5 (/) verifies relation (22). 
Now let g be an entire function verifying relation (22). 
Then 

3 / G £> a (R) swc/i t/iaf z g(z) -c = a[F%f {f)\ {z) 

Therefore 

«([^i 1 (/)] / W-ra 1 (/)]'(o)) = ^W 

In the other hand J^ 5 (/)(^) = - ( lim Wi/(a;) - lim - afJ^ 1 /]') 

^ z>o %~<o 

then we take z = we have 

"« ra'C/)]'^) = Iim Wi/(x) - lim 

:r->0 2 a;— >0 2 
a;>0 x<0 

Finally, by integration by parts we get 

g(z) = - ( (Urn - lim - aLF^V]' J = iJ^ s (f){z) 

V x>0 x<0 / 

□ 



4.3 Schwartz Paley Wiener theorem 

In this subsection we will prove a Paley Wiener theorem in distributions 
space with bounded support, (we can cite these references : [6] [5]) 

Definition 4.1 We define the Fourier Bessel-Struve Transform on £'(R) by 
VT G £'(R) , T^ S (T)(X) = < T, S(-i\.) > (23) 



On The Harmonic Analysis Associated to the Bessel-Struve Operator 23 



Proposition 4.4 For all T G £'(R) , 

J"bA T ) = F°X*(T) (24) 

Proof. We have T% 5 (T)(A) =< T,S(-i\.) > = < T, Xa (exp(-i\.)) > 

= < X * a T,exp(-i\.) >= Fox^T) □ 

Lemma 4.1 Let T G £'(R) , then 

supp(T) C [-b,b] supp(x* a (T)) C [-6,6] 

Proof. Let T G £'{R) such that supp{T) included in [-6, 6] . For p G £>(R) 
with support in [—6, 6] c we have XaV 9 have the support included in [—b, b] c 
therefore < x*(T),<^ >=< T, x^V 9 >= then X* a {T) have the support in 
[-b,b] 

Now we consider a distribution T such that supp (Xa(T)) included in [—6, b}. 
For <£> G P(R) with support in [—6, 6] c we have 

< T,p >=< (Xa 1 )* ° X«(T), p >=< X *(T), Xa'tp > 

Using theorem 3.1 supp (x^V) included in [—b,b] so < T, ip >= which 
complete the proof. □ 

Theorem 4.3 Let b > and f G £(R). There is an equivalence between the 
two following assertions 

1. There exists a distribution T G £'(R) with support included in [—b,b] 
such that f = J-b,s(T) 

2. f is extended to an analytic function f on C such that 

3m G N , 3c > , G C \f(z)\ < c (1 + \z\ 2 )^ e b{Im(z)) (25) 

Proof. Let T G £'(R) such that supp(T) included in [—b, b] then from 
lemma 4.1 and the classical Paley- Wiener Schwartz , (one can see [5]), on 
the distribution Xa(T) we obtain Tb,s verifies 2). 

We suppose that / is extended to an analytic function / on C verifying (25) 
then there exists a distribution W with support included in [—6, b] such that 
/ = T(W). Using corollary 3.1 we can deduce the wanted result. □ 
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